






























































Seasonality and Seasonal Switching Time Series Models 
 
In the recent X-12-ARIMA program developed by the United States Census 
Bureau for seasonal adjustments, the RegARIMA modeling has been extensively 
utilized.  We shall discuss some problems in the RegARIMA modeling when the time 
series are realizations of non-stationary integrated stochastic processes with fixed 
regressors. 
We propose to use the seasonal switching autoregressive moving average 
(SSARMA) model and the regression SSARMA (RegSSARMA) model to cope with 
seasonality commonly observed in many economic time series.  We investigate the 
basic properties of the SSAR (seasonal switching autoregressive) models.  We argue 
that the phenomenon called “spurious seasonal unit roots” could be an explanation for a 
good fit of the seasonal ARIMA models to actual data.  Some results of economic data 
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process) ͷ࣮ݱ஋Ͱ͋Δͱݟͳͯ͠ RegARIMA ϞσϧΛར༻͢Δͱඞવతʹੜ͡
Δݟ͔͚ͤͷقઅ୯Ґࠜ (spurious seasonal unit roots) ͱݺͿ΂͖౷ܭత໰୊఺Λ
ࢦఠ͢Δɻ࣍ʹଟ͘ͷܦࡁ࣌ܥྻʹ͓͍ͯ؍࡯͞ΕΔقઅੑΛॲཧ͢Δ࿮૊Έͱ͠
ͯɺقઅస׵ࣗݾճؼҠಈฏۉϞσϧ (SSARMA Ϟσϧ) ͓Αͼճؼقઅస׵ࣗݾ
ճؼҠಈฏۉϞσϧ (RegSSARMA Ϟσϧ) ΛఏҊ͠ɺܦࡁ࣌ܥྻͷقઅੑͷཧղ΍
قઅௐ੔΁ͷར༻Λྫࣔ͢Δɻ
ݤݴ༿
X-12-ARIMA, قઅௐ੔ɺRegARIMA Ϟσϧɺݟ͔͚ͤͷقઅ୯Ґࠜ(spurious seasonal
unit roots)ɺSSARIMA ϞσϧɺRegSSARMA Ϟσϧ
∗౦ژେֶେֶӃܦࡁֶݚڀՊ (˟ 113-0033 ౦ژ౎จژ۠ຊڷ 7-3-1)





















͞Εͨ͜ͱͰ͋Ζ͏ɻ͜ͷ৽͍͠ιϑτ΢ΣΞ X-12-ARIMA Ͱ͸RegARIMA Ϟσϧͱ
ݺ͹ΕΔ౷ܭత࣌ܥྻϞσϧ͕޿ൣʹར༻͞Ε͍ͯΔ1͜ͱ͕͜Ε·Ͱར༻͞Ε͖ͯͨق

















et. al. (1967), Findley et. al. (1998) ΍ࠃ༑ (2004) Λࢀর͞Ε͍ͨɻ·ͨɺ͜ͷؒͷقઅௐ੔๏Λ८Δٞ































ถࠃηϯαεہʹΑͬͯ։ൃ͞Ε͍ͯΔقઅௐ੔ϓϩάϥϜ X-12-ARIMA Ͱ͸ Re-
gARIMA Ϟσϧ(Findley et. al. (1998))ʣͱݺ͹ΕΔ࣌ܥྻϞσϧͷΫϥε͕ॏཁͳ໾
ׂΛԋ͍ͯ͡ΔɻຊઅͰ͸͜ͷࣗݾճؼ࿨෼Ҡಈฏۉʹ͕ͨ͠͏ޡࠩΛ࣋ͭճؼ (regres-
sion autoregressive integrated moving averageɺུͯ͠ RegARIMA) Ϟσϧʹ͍ͭͯ͜
Ε·Ͱࢦఠ͞Ε͍ͯͳ͍Α͏ʹࢥΘΕΔॏཁͳ౷ܭత໰୊Λߟ࡯͠Α͏ɻ͜͜Ͱ֬཰ม
਺ྻ {yt,t=0 ,1,··· }͸֬཰ఆࠩํఔࣜ




3Λຬͨ̍͢มྔͷ࣌ܥྻͱ͢Δɻ͜͜Ͱ B ͸ Byt = yt−1 ͱͳΔόοΫɾγϑτɾΦϖ
Ϩʔλɺ{zjt,j=1 ,···,r} ͸ r ݸͷඇ֬཰తͳઆ໌ม਺Ͱ͋Δɻ͞Βʹɺقઅࣗݾճؼ
࿨෼ҠಈฏۉʢSARIMAʣϞσϧʹؔ͢Δϥάଟ߲ࣜΛقઅपظ sʢਖ਼੔਺ʣʹର͠
φp(B)=1 − φ1B −···−φpBp ,
ΦP(Bs)=1 − Φ1Bs −···−ΦPBsP , (2.2)
θq(B)=1 − θ1B −···−θqBq ,
ΘQ(Bs)=1 − Θ1Bs −···−ΘQBsQ
ͱఆٛ͠Α͏ɻ͜͜Ͱ{φj} ,{Φj}{ θj} ,{Θj}͸ARIMA෦෼ͷະ஌฼਺ʢύϥϝλʔʣ ɺ













ྫ 2.1 : قઅௐ੔ X-12-ARIMA ϓϩάϥϜʹ͸࣌ܥྻͷϨϕϧɾγϑτ΍ߏ଄มԽΛѻ
͏ҝͷ༷ʑͳΦϓγϣϯؚ͕·Ε͍ͯΔɻ͜͜Ͱ཭ࢄ࣌ؒͷ࣌ܥྻ {yt,t=0 ,1,··· }͕
(1 − Bs)[yt − β0 − β1zt]=σvt , (2.4)
Λຬ଍͢Δ֬཰աఔͱ͢Δɻͨͩ͠{zt}͸zt = −1( 0≤ t<[λT]),z t =0( [ λT] ≤ t ≤ T),
ʹΑΓఆٛ͞ΕΔ୯७ͳϨϕϧɾγϑτΛද͢આ໌ม਺ɺ[λT]( ͨͩ͠ 0 <λ<1 Ͱ
͋Γɺ[ · ] ͸஋Λ௒͑ͳ͍࠷େ੔਺Λද͢) ΛϨϕϧɾγϑτ͕ى͖ͨ࣌఺ͱ͓ͯ͘͠ɻ
Findley et. al. (1998) ʹΑΔ RegARIMA Ϟσϧͷઆ໌ʹै͑͹ɺ͜ͷΑ͏ͳ࣌ܥྻ͸
(1 − Bs)yt = β1(1 − Bs)zt + σvt (2.5)








0i f 0 ≤ t<[λT]
1i f t =[ λT],···,[λT]+s − 1
0i f [ λT]+s ≤ t ≤ T
(2.6)
ʹΑΓఆΊΒΕΔઆ໌ม਺Λ༻͍Δ͜ͱʹͳΔɻ






͑͹ྫ 2.1 Ͱ͸ limT→∞
 T
t=1[z∗
t]2 < +∞ ΑΓ৘ใྔ͸σʔλ਺ʢT ͋Δ͍͸ nʣ͕૿Ճ
ͯ͠΋ൃࢄͤͣɺ͜͏ͨ͠ঢ়گͰ͸ҰൠʹҰகਪఆྔͷଘࡏ͸อূ͞Εͳ͍ɻ
࣍ʹΑΓҰൠతʹޡ߲͕ࠩقઅ ARIMA ϞσϧͰද͞ΕΔ৔߹ͷະ஌฼਺ͷ౷ܭతਪ
ఆ໰୊Λߟ͑Δ͜ͱʹ͠Α͏ɻ཭ࢄ࣌ؒʹ؍ଌ͞ΕΔ 1 ࣍ݩ࣌ܥྻ {yt} ͕ํఔࣜ
yt = β
 
zt + ut (2.7)
ʹ͕͍ͨͬͯ͠Δ΋ͷͱ͠Α͏ɻ
(iii) ޡ߲ࠩ͸






i=1 βizitɺ{zt =( zit)} ͸ඇ֬཰తม਺3͔Βߏ੒͞ΕΔઆ໌ม
਺ϕΫτϧͱ͢ΔɻΑΓ۩ମతͳઆ໌ม਺ͱͯ͠͸قઅμϛʔม਺ I(t =( j −1)s+i;i =
1,···,s,j≥ 1) ʢͨͩ͠I( · ) ͸ࢦࣔؔ਺ʣͱม਺
 l







j (k =1 ,2;0 ≤ j ≤ l<∞) ͸ఆ਺) Ͱද͞ΕΔม਺܈Λߟ͑Δɻ


















 z(j−1)s+i 2 → 0 (2.10)




͜͜Ͱޡ߲͕ࠩ ARIMA Ϟσϧʹ͕ͨ͠͏ઢܗճؼϞσϧ (2.7) ʹ͓͚Δ k ൪໨ͷ܎
਺ βk (k =1 ,···,r) ʹର͢Δ̓౷ܭྔ͸
t(βk)=










2ճؼ෼ੳʹ͓͚Δ઴ۙཧ࿦ͷҝͷඪ४తԾఆʹ͍ͭͯ͸ɺྫ͑͹ Anderson (1971) ̎ষ΍ Ander-
son=Kunitomo (1992) Λࢀর͞Ε͍ͨɻҎԼͷ৚݅ (2.9) ΍ (2.10) ͸ऩଋ৚݅ΛΑΓҰൠԽ͢Δ͜ͱ
͸ՄೳͰ͋Δ͕ɺ݁Ռ΍ূ໌͸΍΍ෳࡶʹͳΔɻ
3قઅௐ੔ϓϩάϥϜ X-12-ARIMA Ͱ͸༷ʑͳઆ໌ม਺͕ར༻ՄೳͰ͋Δ͕ඇ֬཰త (deterministic) ͳ
μϛʔม਺Λఆٛ͠ར༻͢Δ͜ͱ͕Ͱ͖Δɻ͞ΒʹຊઅͰͷઆ໌ม਺͸͜͜Ͱѻ͏λΠϓ͚ͩͰͳ༷͘ʑͳ
ม਺Λߟ͑Δ͜ͱ͕Ͱ͖Δɻ
5ʹΑΓఆٛͰ͖Δɻ͜͜Ͱɺˆ βk ͸ βk ͷ࠷খೋ৐ਪఆྔͰ͋Γɺˆ σ2
LS ͸࢒͔ࠩΒਪఆ͞
ΕΔ σ2 ͷਪఆྔͰ͋Δ. ·ͨe
 




ఆཧ 2.1 : ࣜ (2.1) Ͱ༩͑ΒΕͨ RegARIMA Ϟσϧʹؔͯ͠ d ≥ 1,D≥ 1 ͱ͠ɺ৚݅

























͜͜ͰɺM∗ =( 1 /s)M, z∗(r)=( 1 /s)
 s























ͨͩ͠ Bi(t)( i =1 ,···,s) ͸ [0,1]Ͱఆٛ͞ΕΔඪ४ϒϥ΢ϯӡಈͰ͋Δɻ
͜͜Ͱఆཧ 2.1 Ͱಋ͍ͨ౷ܭྔΛදݱ͢Δϒϥ΢ϯӡಈ΍ଟॏҏ౻ੵ෼ʹ͍ͭͯͷఆ
ٛ΍ੑ࣭͸ɺ֬཰ղੳͷඪ४తͳจݙͰ͋Δ Ikeda=Watanabe (1989) Λࢀর͞Ε͍ͨɻ
্ड़ͷఆཧͰ͸ d ≥ 1 ͷέʔεΛѻͬͨɻಉ༷ʹ d =0 ͷέʔεʹؔͯ͠΋ t ౷ܭྔͷ
ۃݶͱͳΔ֬཰ม਺ΛಘΔ͜ͱ͕Ͱ͖Δ͕ɺදݱ͕গ͠ҟͳΔͷͰ࣍ʹड़΂͓ͯ͘ɻ
ఆཧ 2.2 : ࣜ (2.1) Ͱ༩͑ΒΕͨ RegARIMA Ϟσϧʹؔͯ͠ d =0 ,D≥ 1 ͱ͠ɺ৚݅




















































l=1 drl . (2.15)
ͨͩ͠ɺBi(t)( i =1 ,···,s) ͸ [0,1]Ͱఆٛ͞ΕΔඪ४ϒϥ΢ϯӡಈͰ͋Δɻ
6͜ΕΒఆཧ2.1 ͱఆཧ2.2 Ͱड़΂ͨ౷ܭྔͷ෼෍͸ਖ਼ن෼෍΍t ෼෍ͳͲ౷ܭֶʹΑ͘
ग़͍ͯΔඪ४త෼෍ͱ͸͔ͳΓҟͳΔ͜ͱʹ஫ҙ͓ͯ͜͠͏ɻ͜͏ͨ͠ඇఆৗܥྻʹؔ
࿈ͨ͠౷ܭྔͷ෼෍ʹ͍ͭͯ͸ۙ೥ͷܦࡁ࣌ܥྻ࿦ʢྫ͑͹Tanaka (1996) ΍ Hamilton
(1994) ͕ৄ͍͠ʣͰ͸͠͹͠͹ొ৔͢Δ͕ɺ͜͜Ͱ͸࣍ͷ۩ମྫΛڍ͛ΔʹͱͲΊΔɻ
ྫ2.2 : ͜͜Ͱd =0 ,D=1 ,r=1Ͱ͋Γɺ͔ͭઆ໌ม਺ {zt}͕zt = −1( 0≤ t<[λT]),
zt =0( [ λT] ≤ t ≤ T) Ͱ༩͑ΒΕΔ৔߹Λߟ͑Α͏ɻT ͸؍ଌ਺ɺ[λT]( 0<λ<1) ͸

































k (k =1 ,···,r) ͷۃݶ෼෍Λൃੜͤ͞ɺ౷ܭతੑ࣭ʹ͍ͭͯݕ
౼͕ͨ͠ɺͦͷ݁ՌͰ͸࿨෼ͷ࣍਺d ͱ D ʹେ͖͘ґଘͯ͠ਖ਼ن෼෍ͱ͸͔ͳΓҟͳΔ
࿪ΈΛ࣋ͬͨ෼෍͕ಘΒΕΔ͜ͱ͕෼͔ͬͨɻ͜ΕΒͷ͜ͱΑΓɺޡ߲͕ࠩඇఆৗͳ৔
߹ʹ͸ RegARIMA ϞσϧͷதͰճؼ܎਺ʹ͍ͭͯ௨ৗͷ tݕఆΛߦ͏͜ͱΛਖ਼౰Խ͢Δ
͜ͱ͕ࠔ೉Ͱ͋Δ͜ͱ͕Θ͔ͬͨɻ࣮ࡍͷ࣌ܥྻͷղੳͰ͸σʔλ਺͕༗ݶͰ͋ΔͷͰɺ
্ͷఆཧΛͦͷ··࢖͏͜ͱͷੋඇʹ͍ͭͯ͸ΑΓৄ͘͠ݕ౼͢΂͖՝୊Ͱ͋Ζ͏ɻ
ͳ͓ɺ৚݅ (2.9) ͱ(2.10) ͸આ໌ม਺ʹ࣌ؒͦͷ΋ͷʹؔ͢Δଟ߲ࣜͳͲඇ֬཰తτϨ
ϯυؔ਺ͷଘࡏΛഉআ͍ͯ͠Δɻઆ໌ม਺ʹ͋ΔछͷτϨϯυ͕ଘࡏ͢Δ৔߹ʹ͸ޡࠩ
߲͕ඇఆৗͳ࿨෼աఔͰ͋ͬͯ΋฼܎਺ͷ࠷খೋ৐ਪఆྔ͕ҰகੑΛ࣋ͭ͜ͱ͕͋Δ͜
ͱ (ྫ͑͹Hamilton (1994)16 ষͷྫʣ͕஌ΒΕ͍ͯΔ͜ͱʹ஫ҙ͓ͯ͘͠ɻ


















(spurious seasonal integration) ͱݺΜͰ͍Δ໰୊Λ෼ੳ͢Δ͜ͱ͕Ͱ͖Δ͜ͱ΋ॏཁͰ
͋Δɻ
3.1 قઅస׵ ARMA Ϟσϧ


















t σi]vt , (3.1)
ʹ͕ͨ͠͏֬཰աఔͰ͋Δͱ͠Α͏ɻ͜͜Ͱ p,q,s,P,Q ͸ඇෛͷ੔਺ (s ≥ 1) Ͱ͋Γɺ
σi (> 0)͸ޡࠩͷඪ४ภࠩͰ͋Δɻ·ͨI
(i)








t =0ͱͳΔؔ਺ͱఆٛ͠Α͏ɻ{zit} ͸ r ݸͷઆ໌ม਺Λද͠ɺࣗݾճؼҠಈฏۉ
ʢARMAʣ෦෼ʹؔ͢Δه߸͸
φp(B)=1 − φ1B −···−φpBp ,
Φ
(i)




P BsP , (3.2)
θq(B)=1 − θ1B −···−θqBq ,
Θ
(i)




















(ii) ֬཰ม਺ྻ {vt} ͸ޓ͍ʹಠཱʹಉҰͷ෼෍ʹ͕͍ͨ͠ɺE(vt)=0,E(v2
t)=1Ͱ͋
Γ͔ͭͦͷ෼෍ؔ਺͸ϧϕʔάଌ౓ʹؔͯ͠ઈର࿈ଓͰ͋Δɻ
͜͜Ͱಋೖͨ͠قઅస׵࣌ܥྻ (SSARMA) Ϟσϧɺ͓Αͼ RegSSARMA Ϟσϧͷ
ఆࣜԽ͸طଘͷقઅੑΛؚΉઢܗ࣌ܥྻϞσϧͱ͸΍΍ҟͳ͍ͬͯΔ͜ͱʹ஫ҙ͓ͯ͠
͘ɻ͜ͷ SSARMA ϞσϧͷΫϥεʹΑΓఆΊΒΕΔ཭ࢄ࣌ؒͷ֬཰աఔ͸ɺΑ͘஌Β



























t ]vt , (3.6)
ͱॻ͖௚͢͜ͱ͕Ͱ͖Δɻͨͩ͠ɺµi (i =1 ,···,s) ͸قઅతฏۉΛද͢฼਺Ͱ͋Γɺ





͍ྫ 3.1 ͷSSAR(0, 1)Ϟσϧʹ͸3s ݸͷະ஌ύϥϝʔλΛؚΜͰ͍Δ͕ɺ໌Β͔ʹ͜ͷ
࣌ܥྻϞσϧ͸ Box=Jenkins (1976) ͰఏҊ͞ΕͨقઅARIMA(seasonal autoregressive
integrated moving average) ϞσϧͳͲͷΑ͏ͳɺقઅੑΛؚΉઢܗ࣌ܥྻϞσϧΛแؚ
͍ͯ͠Δɻ΋͠ɺ֤قઅͷޡࠩͷ͹Β͖ͭʢ෼ࢄ฼਺ʣ͕ಉҰ (σi = σ) Ͱ͋ΔͳΒ͹ɺ
ͦͷ৔߹ͷ SSAR(0, 1)Ϟσϧ͸قઅੑʹؔ͢Δ֬཰త܎਺ϞσϧͱݟͳͤΔɻ·ͨɺ͞
Βʹ܎਺͕౳͍͠ (ai = a ͔ͭ bi = b) ͱ͢ΔͳΒ͹ɺ͜ͷ࣌ܥྻϞσϧ͸ Box-Jenkins
͕༻͍ͨઢܗقઅ AR ϞσϧʹͳΔ͜ͱ͕Θ͔Δɻ͞Βʹ
bi =1( i =1 ,···,s) (3.7)














3.2 قઅస׵ AR Ϟσϧͷ౷ܭతੑ࣭
قઅస׵ ARMAϞσϧ͸قઅຖͷقઅੑมԽΛؚΜͩقઅత࣌ܥྻϞσϧͳͷͰɺ͜
͜Ͱجຊతͳ౷ܭతੑ࣭ʹ͍ͭͯ֬ೝ͓ͯ͜͠͏ɻલઅͷྫ3.1 Ͱઆ໌ͨ͠ SSAR(1) Ϟ
σϧΛ༻͍ͯɺs ࣍ݩϕΫτϧ Y
 
(t)=( yt,y t−1,···,y t−s+1) ͷಈతڍಈΛߟ࡯͠Α͏ɻ
͜ͷঢ়ଶม਺Λ࢖͏ͱ࣌ܥྻ{yt} ͷϚϧίϑදݱ
Y(t)=a(t)+B(t)Y(t − 1) + V(t) (3.8)



















































































ͱදݱ͞ΕΔs × 1 ޡ߲ࠩϕΫτϧͰ͋Δɻ͜͜Ͱࣜ (3.8) Λ༻͍ΔͱɺϚϧίϑදݱʹ
ରԠ͢Δಛੑํఔࣜ͸
|λIs − B(t)| =0 (3.9)
ͱͳΔɻͨͩ͠ Is ͸ s × s ୯ҐߦྻͷҙຯͰ͋Δɻ͜ͷදݱΑΓ҆ఆ৚݅
max
i=1,···.s
|bi| < 1 (3.10)
͕ຬͨ͞ΕΔͳΒ͹ɺࣜ (3.9)Λຬͨ͢શͯͷಛੑࠜͷઈର஋͕̍ະຬʹͳΔ͜ͱ͕Θ͔
Δɻ
10࣍ʹྫ 3.1 ʹ͍ͭͯ΋͏ҰͭͷϚϧίϑදݱΛಘΔҝʹɺs ࣍ݩঢ়ଶϕΫτϧ
Y
 
j =( y(j−1)s+s,y (j−1)s+s−1,···,y (j−1)s+1)( j =1 ,···,n) Λಋೖ͠Α͏ɻ͞Βʹ෼ੳΛ
؆୯ʹ͢Δҝʹσʔλ਺Λ T = nsʢ͢ͳΘͪn ೥ؒʣͱԾఆ͠Α͏ɻ͜ͷͱ͖ɺϚϧί
ϑදݱ
Yj = a + B1Yj−1 + Vj (3.11)



























































|λIs − B1| =0 (3.12)
ͱͳΔɻ͕ͨͬͯ͠ɺԾఆ(3.10) ͷԼͰ͸ࣜ(3.12) ͷશͯͷಛੑࠜͷઈର஋͸̍ΑΓখ
͍͜͞ͱ͕෼͔Δɻ






(j−1)s+1−p)( j =1 ,···,n) Ͱද͢͜ͱʹ͠Α͏ɻͨͩ
͠ɺy∗
t = yt −
 r
j=1 βjzjt Ͱ͋Γɺઆ໌ม਺ͷҰ෦෼ʢ͋Δ͍͸શ෦ʣʹقઅμϛʔม਺
ΛؚΈɺzit = Iit (i =1 ,···,s)(r ≥ s) ͱ͓ͯ͘͠ɻ͜ͷͱ͖ɺ֬཰తఆࠩํఔࣜ (3.1) ࣜ
ʹ͕ͨ͠͏֬཰աఔͷղʹ͍ͭͯ͸࣍ͷ݁Ռ͕ಘΒΕΔɻূ໌͸਺ֶิ࿦ʹ༩͓͑ͯ͘ɻ
ఆཧ 3.1 : ཭ࢄ࣌ؒͷ࣌ܥྻ {yt} ͕ࣜ (3.1) Ͱ༩͑ΒΕΔ SSARMA աఔʹ͕͍ͨ͠ɺ

















ఆཧ 3.2 : ཭ࢄ࣌ؒͷ࣌ܥྻ {yt} ͸ྫ 3.1 Ͱ༩͑ΒΕΔ SSAR(0,1) աఔʹ͕͍ͨ͠ɺ
ޡ߲ࠩʹ͍ͭͯϞʔϝϯτ৚݅ E[v4
t] < +∞ Λຬͨ͢΋ͷͱ͢Δɻ͞Βʹࣜ(3.5) ͷ҆
ఆ৚݅Λຬͨ͠ɺ{yt} ͸ఆৗ֬཰աఔͱ͢Δɻ࣌ܥྻ{yt} ͕ઢܗࣗݾճؼϞσϧʹͨ͠




(yt−s − ¯ y−s)(yt − ¯ y)
T  
t=1
(yt−s − ¯ y−s)2
, (3.14)
Ͱ༩͑ΒΕΔɻ͜͜Ͱɺ؍ଌ਺ T = sn,¯ y =( 1 /T)
 T
t=1 yt, ¯ y−s =( 1 /T)
 T
t=1 yt−s Ͱ͋























(µi − ¯ µ)2
, (3.15)





iτ (i =1 ,···,s) Ͱ͋Γɺ
λ(s,τ)=
 s




ͱ͓͜͏ɻ΋͠ τ −→ 0 ͱ͢Δͱ λ(s,τ) →∞ͱͳΔͷͰɺ















قઅస׵ ARMA Ϟσϧͱ RegARMA Ϟσϧͷ౷ܭతਪఆ๏ͱͯ͠͸࠷খࣗ৐๏ͱ࠷
໬๏ͷೋ௨Γͷํ๏͕ߟ͑ΒΕΔɻ
قઅస׵ AR Ϟσϧͱ RegSSAR Ϟσϧʹ͓͍ͯ͸ɺ௚઀తʹঢ়ଶϕΫτϧ {Yj,j =










3.4 PAR Ϟσϧ (पظతقઅϞσϧ) ɹͱͷؔ܎
ຊߘͰߟ࡯͍ͯ͠Δقઅస׵࣌ܥྻϞσϧʹؔ࿈͢Δ࣌ܥྻϞσϧͱͯ͠͸ྫ͑͹ɺ
पظత AR(periodic autoregressiveɺུͯ͠ PAR) Ϟσϧͱݺ͹ΕΔϞσϧ͕ Franses
(1996) ΍ Ghysel=Osborn (2001) ౳Ͱݚڀ͞Ε͍ͯΔɻقઅస׵ ARMA Ϟσϧ͸͜Ε
Βͷ࣌ܥྻϞσϧͷΫϥεͱ͸͍͔ͭ͘ͷ఺Ͱ΍΍ҟͳ͍ͬͯΔɻ͜͜ͰɺPAR Ϟσϧ
ͱ SSARMA Ϟσϧͱͷؔ܎ΛݟΔͨΊʹɺ࣌ܥྻ {yt} (t =( j − 1)s + i) ͕̍࣍ͷपظ
త AR Ϟσϧ




i (i =1 ,···,s) Λຬ଍͢ΔͱԾఆ͢
Δɻ
͜ͷͱ͖࣌ܥྻ {yt} ͷ SSARMA දݱ͸
y(j−1)s+i = biy(j−2)s+i + u(j−1)s+i (i =1 ,···,s), (3.19)
ͱͳΔɻ͞Βʹ฼܎਺ʹ͍ͭͯbi =
 s−1
j=0φi−jɺ−s+1 ≤ i−j ≤ 0ʹରͯ͠φi−j = φi−j+s
Ͱ͋Δͱ͠Α͏ɻޡ߲ࠩ͸








߲u(j−1)s+i ͷ෼ࢄ͸ iʹґଘ͢ΔͷͰɺ࣌ܥྻ {yt}͸قઅతʹ෼ࢄෆۉҰͳաఔͱͳΔ.
͜͜Ͱྫ͑͹s =4ͱ͢Δͱɺj =1 ,···,4 ʹ͍ͭͯ bj = φ1φ2φ3φ4 ͱͳΔ͜ͱ͕ͨͩͪ








yt = Tt + St + It (3.21)
ͱ͍͏ܗʹ෼ղͰ͖Δͱ૝ఆ͢Δ͜ͱ͕ଟ͍ɻ͜͏ͨ͠෼ੳΛ࣌ܥྻ੒෼෼ղϞσϧͱ
ݺ͹ΕΔ͕ɺ͜͜ͰTt ͸τϨϯυ੒෼ɺSt ͸قઅ੒෼ɺIt ͸ෆنଇ੒෼ΛͦΕͧΕද͠
͍ͯΔ΋ͷͱ͢Δɻ
ྫ͑͹๺઒ (1993) ͕։ൃ͍ͯ͠Δقઅௐ੔ϓϩάϥϜ DECOMP Ͱ͸ɺ͜͏ͨ࣌͠
ܥྻͷ֤੒จ Tt ʹରͯ͠ϥϯμϜɾ΢ΥʔΫɾϞσϧΛ༻͍ɺSt ʹରͯ͠͸قઅ֊ࠩϞ



















=( β1,···,β s+k) ͸ճؼ܎਺
ϕΫτϧͰ͋Δɻ·ͨz
 
t =( D1t,···,D st,t,···,t k) ͸આ໌ม਺ϕΫτϧ7 Λද͍ͯ͠Δɻ
6ྫ 3.1 Ͱͷ SSAR ϞσϧͰ͸ҟͳΔقઅؒͰͷؔ܎͕͔ͳΓ෼཭͞Ε͍ͯΔΑ͏ʹݟ͑Δ͕ɺྫ͑͹
P = p =1 ,s>1 ͷ৔߹ΛݟΔͱ໌Β͔Ͱ͋Δ͕ɺҰൠʹҟͳΔقઅͷաڈͷ஋΍฼਺͕ෳࡶʹকདྷͷ஋ʹ
ର͠Өڹ͢Δɻ͜ͷ఺Λڧௐ͢ΔҙຯͰ͜͜Ͱ͸ SSAR ϞσϧΛ SSAR(p,P) Ϟσϧͱදهͨ͠ɻ
7ͨͩ͠ɺτϨϯυͷม਺Λ༻͍Δ৔߹͸ (2.9) ͱ (2.10) ͷ৚͕݅ຬͨ͞ΕΔͨΊͷج४ԽΛ Anderson
(1971) ͷఆཧ 2.6.1 ʹͳΒͬͯద੾ʹߦ͏ඞཁ͕͋Δɻ
14ද 1: ϚΫϩফඅσʔλ΁ͷSSARMA Ϟσϧͷద༻ʢ੍໿͕ແ͍৔߹ʣ




ୈ 2 ࢛൒ظ 101.34 (10.71) 0.62 (4.25) 5.46
ୈ 3 ࢛൒ظ 106.65 (20.36) 0.67 (4.78) 3.49
ୈ 4 ࢛൒ظ 118.82 (94.56) 0.64 (4.29) 5.60








͔Β 2000 ೥ୈ࢛̐൒ظ·Ͱͷ࣮࣭஋σʔλͰ͋Γɺશͯͷ਺஋͸࠷ॳͷσʔλΛ 100 ʹ
ج४Խͨ͠ࢦ਺ʹม׵ͯ͠෼ੳΛߦͬͨɻτϨϯυؔ਺ͷ࣍਺ k ʹ͍ͭͯ͸ɺAIC Λ࠷
খԽ͢Δج४ʹΑͬͯɺk =3Λબ୒ͨ͠ɻ͞Βʹɺޡ߲͕ࠩਖ਼ن෼෍ʹ͕ͨ͠͏ͱͷԾ
ఆͷԼͰ໬౓ؔ਺Λ࠷େԽ͢Δ͜ͱͰ RegSSAR Ϟσϧʹ͓͚Δ฼਺ਪఆ஋ٴͼ t ஋Λ
ද 1 ʹ͓ࣔͯ͘͠ɻ




t = 105.36 + 0.93y∗
t−4 +2 .64vt .
(104.7) (34.2)
(4.2)
͜͜ͰಘΒΕͨ AIC = 515.25 Ͱ͋Δɻͨͩ͠ y∗
t = yt −
 s+3












(µi − ¯ µ)2
ୈ 2 ࢛൒ظ 5.60 8.96 31.96
ୈ 3 ࢛൒ظ 4.25 6.34 0.12
ୈ 4 ࢛൒ظ 6.02 9.44 139.94
ୈ 1 ࢛൒ظ 4.20 9.83 33.99
߹ܭ 20.06 34.56 206.01
15ද 3: ϚΫϩফඅσʔλ΁ͷ SSARMA Ϟσϧͷద༻ʢ฼਺ʹ੍໿͕͋Δ৔߹ʣ
قઅμϛʔ AR (4) σ2
i
ୈ 2 ࢛൒ظ 101.47 (134.92) 0.64 (7.30) 6.36
ୈ 3 ࢛൒ظ 106.78 (11.81) 0.64 (7.30) 3.50
ୈ 4 ࢛൒ظ 118.93 (61.01) 0.64 (7.30) 6.36

















λͰ͋Δɻ͜ͷέʔεʹ͍ͭͯ͸ɺ΍͸ΓAIC ࠷খԽج४Λར༻͢Δͱ k =2͕બ୒͞
Εͨɻ੍໿ͳ͠ͷ࠷໬๏ʹΑΔ RegSSAR Ϟσϧͷ܎਺ͷਪఆ஋ͱ t ஋Λද 4 ʹࣔͯ͠
͓͘ɻ
·ͨɺRegSSAR Ϟσϧʹ͓͍ͯµi = µ,b i = b ͓Αͼσi = σ (i =1 ,···,12) ͳΔԾ
ఆΛஔ͍ͯ௨ৗͷઢܕϞσϧΛਪఆͨ݁͠ՌΛ͓ࣔͯ͘͠ɻ
y∗
t = 100.86 + 0.90y∗
t−12 +1 .23vt .
(116.82) (31.27)
(4.3)





Β͔ʹҟͳ͍ͬͯΔɻಛʹ 7 ݄ͱ 8 ݄ͷ܎਺ʹ͍ͭͯ͸ਪఆ஋͕ൺֱతେ͖͘ͳ͓ͬͯ
Γɺ໌Β͔ʹ0 Ͱ͸ͳ͍7 ݄ͱ 8 ݄ͷ஋ͱֱ΂ͯɺͦͷଞͷ܎਺͸େִ͖͍ͨͬͯ͘Δɻ
͞Βʹقઅμϛʔͷ܎਺ʹ͍ͭͯ΋ಉ͡Α͏ʹɺ7 ݄ͱ 8 ݄͸ͦͷଞͷ݄ΑΓ΋ਪఆ஋
16ද 4: ཱྀ٬σʔλ΁ͷ SSARMA Ϟσϧͷద༻ʢ฼਺੍໿͕ແ͍৔߹ʣ
[ ஫ҙ ]ɿϞσϧͷະ஌฼਺ͷਪఆ͸ɺఆৗੑͷԾఆͷԼͰ࠷໬๏Λ༻͍ͨɻׅހ಺͸໬౓ؔ਺ͷ 2 ճඍ෼ʹ
ج͍ͮͯߏ੒͞Εͨਪఆྔͷ̓஋ͱ෼ࢄͰ͋Δɻ
قઅμϛʔ AR (12) σ2
i
1 ݄ 98.37 (364.72) -0.27 (-0.95) 0.62
2 ݄ 98.02 (145.92) 0.43 (1.63) 1.79
3 ݄ 100.67 (192.88) 0.27 (0.81) 1.60
4 ݄ 100.00 (307.82) -0.31 (-1.07) 1.27
5 ݄ 99.93 (353.34) -0.42 (-1.61) 0.87
6 ݄ 102.56 (244.79) 0.41 (1.57) 0.65
7 ݄ 104.87 (146.02) 0.81 (4.91) 0.36
8 ݄ 104.55 (177.18) 0.71 (3.68) 0.44
9 ݄ 101.48 (384.41) -0.02 (-0.07) 0.34
10 ݄ 98.55 (377.21) -0.07 (-0.22) 0.35
11 ݄ 95.51 (325.18) -0.08 (-0.11) 0.60












(µi − ¯ µ)2
1 ݄ -0.18 0.67 3.37
2 ݄ 0.95 2.20 4.76
3 ݄ 0.46 1.72 0.22
4 ݄ -0.43 1.40 0.04
5 ݄ -0.44 1.05 0.08
6 ݄ 0.32 0.78 5.53
7 ݄ 0.84 1.04 21.75
8 ݄ 0.64 0.89 18.87
9 ݄ -0.01 0.34 1.64
10 ݄ -0.02 0.35 2.72
11 ݄ -0.05 0.61 22.00
12 ݄ -0.02 0.64 5.15
߹ܭ 2.06 11.68 86.12
17ද 6: ཱྀ٬σʔλ΁ͷ SSARMA Ϟσϧͷద༻ʢ฼਺ʹ੍໿͕͋Δ৔߹ʣ
قઅμϛʔ AR (12) σ2
i
1 ݄ 98.36 (341.80) -0.21 (-1.91) 0.57
2 ݄ 98.01 (119.25) 0.55 (4.88) 1.58
3 ݄ 100.59 (132.26) 0.55 (4.88) 1.58
4 ݄ 99.95 (265.39) -0.21 (-1.91) 1.58
5 ݄ 99.88 (363.69) -0.21 (-1.91) 0.57
6 ݄ 102.50 (109.65) 0.55 (4.88) 0.57
7 ݄ 104.74 (136.46) 0.55 (4.88) 0.57
8 ݄ 104.49 (93.44) 0.55 (4.88) 0.57
9 ݄ 101.42 (367.70) -0.21 (-1.91) 0.57
10 ݄ 98.48 (363.78) -0.21 (-1.91) 0.57
11 ݄ 95.45 (173.73) -0.21 (-1.91) 0.57







































ఆཧ 2.1 ͓Αͼ ఆཧ 2.2 ͷূ໌ͷུ֓ :
[i] ࠷ॳʹଟ߲ࣜʹ͍ͭͯ φp(B)=Φ P(Bs)=1 ,θ q(B)=Θ Q(Bs)=1ͱͯ͠཭ࢄ࣌ؒͷ
֬཰աఔ {ut}
(1 − B)d(1 − Bs)Dut = vt (t =1 ,2,··· ) , (A.1)
Λߟ͑Δɻͨͩ͠d ≥ 1 ,D≥ 1 ,σ=1ɺ֬཰ม਺ྻ {vt} ͸ޓ͍ʹಠཱʹಉҰͷ෼෍ʹ








t (k = D + d,···,D) (A.2)
ٴͼ u
(0)
t = vt ,u
(1)




t =( 1− Bs)−1u
(D−1)
t ʹΑΓߏ੒͢Δɻ







































(j−1)s+i (j ≥ 1,k=1 ,···,D,i=1 ,···,s) ͱ u
(D+l)

































͕ಘΒΕΔ͕8ɺ͜͜Ͱ t(T) Λ T ͷؔ਺ͱͯ͠ѻ͍ͬͯΔ͜ͱʹ஫ҙ͢Δɻ
࣍ʹ࿈ଓࣸ૾ఆཧͱ൚ؔ਺த৺ۃݶఆཧ9Λ༻͍Δɻ·ͣ D = d =1 ͷ৔߹ʹ͸ t =
































































































































Mi > 0 ,
8͜͜Ͱ
w =⇒ ͸֬཰ଌ౓ͷऑऩଋʢweak convergenceʣͷҙຯͰ͋Δ͕ɺΑΓৄࡉͳ਺ཧతٞ࿦͸ྫ͑
͹ Tanaka (1996) ͷఆཧ 3.1 ͱಉ༷Ͱ͋Δɻ


























z∗(r) ¯ B∗(r)dr ,
͕ಘΒΕΔɻͨͩ͠ ˆ βLS =(ˆ βk)͸ະ஌฼਺ϕΫτϧβ =( βk) ͷ࠷খೋ৐ਪఆྔͰ͋Δɻ






















































ͱ͍͏݁Ռ͕ಘΒΕΔɻͨͩ͠ ˆ ut (t =1 ,···,T) ͸࠷খೋ৐๏͔ΒಘΒΕΔ࢒ࠩܥྻΛ
ҙຯ͢Δɻ








































zi(t) ¯ Bi(t)dt .
ʹஔ͖׵͑Ε͹Α͍ɻ
·͔ͨ͜͜Βઌͷಋग़͸ d ≥ 1 ͷ৔߹ͱ׬શʹฏߦͨٞ͠࿦ʹͳΔͷͰɺৄࡉʹ͍ͭ
ͯ͸লུ͢Δɻ
[iii] ࢒Γͷূ໌͸ऑैଐաఔͷऑऩଋʹؔ͢Δඪ४తͳ݁Ռͱಉ༷Ͱ͋Δ. Ұൠతͳ৔
߹ʹ͸ࣜ (2.11) ͷ෼ࢠͱ෼฼ͷ྆ํΛσ ͰׂΓɺॳظ৚݅͸઴ۙతʹແࢹ͠ಘΔ͜ͱΛ
ࣔ͢ඞཁ͕͋Δɻ
21͜͜Ͱಛੑଟ߲ࣜ φp(B)=0,ΦP(Bs)=0,θ q(B)=0,ΘQ(Bs)=0 ͷࠜͷઈର஋͕




































t (j =1 ,···,s) ͸قઅࢦࣔؔ਺Ͱ͋Δɻ͜͜Ͱ͸൥ࡶ͞Λආ͚Δͨ
Ίʹ p ≥ 1,P ≥ 1,r≥ s ͓Αͼ 1 ≤ p<sͷ৔߹ʹ͍ͭͯߟ࡯͢Δ10ɻ͜ͷͱ͖ (s+p)
࣍ݩͷঢ়ଶϕΫτϧ{Yj} ͸












j =( σsv(j−1)s+s,···,σ 1v(j−2)s+1,0,···,0) ͸ (s + p) × 1 ͷ֬཰ม਺ϕΫτϧͰ͋
Γɺa
 




































0 φ1 ··· φp 0 ··· 0




0 φ1 ··· φp














































































. . .0 ··· 0



































͸ (s + p) × (s + p) ߦྻͰ͋Δɻ
࣌ܥྻϞσϧͷ͜͏ͨ͠ϕΫτϧදݱ͸Ұݟෳࡶʹݟ͑Δ͕ɺಛੑํఔࣜʹؔ͢Δ࣍ͷ
݁ՌΛར༻͢Δ͜ͱ͕Ͱ͖Δɻ
ิॿఆཧ A.1 : ࣜ (A.14) Ͱఆٛ͞ΕΔϕΫτϧ AR աఔͷಛੑํఔࣜ͸

















P ] , (A.18)
ͨͩ͠ ρi (i =1 ,···,p)͸ํఔࣜ
λp − λp−1φ1 −···−φp =0. (A.19)
ͷղͰ͋Δɻ
ิॿఆཧ A.1 ͷূ໌ :
ิॿఆཧ A.1 ͸࣍ʹड़΂Δิॿఆཧ A.2 ͔Β؆୯ʹಋ͘͜ͱ͕Ͱ͖ΔɻҰൠͷ৔߹ʹ͸
ه߸͕ෳࡶʹͳΔͷͰ P = p =2ͷ৔߹ʹ͍ͭͯͷূ໌Λ༩͓͑ͯ͘ɻ͜͜Ͱಛੑଟ߲
ࣜ (A.16) ͸ (s+2)× (s+2)ߦྻͷߦྻࣜͰ λ ʹ͍ͭͯͷ 2s+2࣍ଟ߲ࣜͱͳΔ͜ͱʹ
஫ҙ͢Δɻ2 ࣍ଟ߲ࣜ aj(λ)=λ2 − Φ
(j)
1 λ − Φ
(j)
2 (j =1 ,···,s) Λ༻͍Δͱ
c(λ)
11ϨϑΣϦʔʹΑΓ λ








































as(λ) −φ1as−1(λ) −φ2as−2(λ)0 ··· 0






... ... ... 0
. . .
. . .0 a1(λ) −φ1as(λ) −φ2as−1(λ)
−λP−1 0 ···
. . .0 λP 0









































































as(λ) −φ1as−1(λ) −φ2as−2(λ)0 ··· 0






... ... ... 0
. . .
. . .0 a1(λ) −φ1as(λ) −φ2as−1(λ)
−10 ···
. . .0 λ 0





































































as(λ) −φ1as−1(λ) −φ2as−2(λ)0 ··· 00
0 as−1(λ) −φ1as−2(λ)0 ··· 00
00
... ... ··· 00
−φ2as(λ)/λ 0 ···
... −φ1a1(λ) −φ2as(λ)0
−φ1as(λ)/λ −φ2as−1(λ)/λ ··· 0 a1(λ) −φ1as(λ) −φ2as−1(λ)
00 ··· ··· 0 λ 0












































































1 −φ1 −φ2 0 ··· 0









... 1 −φ1 −φ2
−φ2 0 ··· 0 λ −λφ1




































ͱͳΔɻͨͩ͠ɺ͜͜ͰߦྻͷجຊมܗΛ܁Γฦ͠ద༻͕ͨ͠ɺ࠷ޙͷมܗ͸ (s+ p) ×
(s+p)) ߦྻͷߦྻࣜΛs ×s ߦྻͷߦྻࣜʹؼணͤͨ͜͞ͱʹ஫ҙ͢Δɻ͞Βʹɺ࠷ޙ
ͷӈลʹݱΕͨ s × s (s>p ) ߦྻͷࠨԼ෦෼ͷ p × p ߦྻΛθϩߦྻʹม׵͢Δߦྻม
ܗʹΑΓ࣍ͷิॿఆཧ A.2 Λ༻͍ΔͱٻΊΔ݁ՌΛಘΔ͜ͱ͕Ͱ͖Δɻ
(Q.E.D)





































1 −φ1 ··· −φp 0 ··· 0
01 −φ1 ··· −φp 00
00
... ...
0 ··· 1 −φ1 −φ2 ··· −φp




−φ2 ··· 0 λ −λφ1










































࣮ͨͩ͠਺ρi (i =1 ,···,p) ͸ํఔࣜ λp − λp−1φ1 −···−φp =0 ͷࠜͰ͋Δɻ
ิॿఆཧ A.2 ͷূ໌ :




























ͱॻ͚Δɻͨͩ͠ߦྻͷԼଆ͸ p × 1 ϕΫτϧ {cj} (j =1 ,···,s) Λ༻͍ͯදݱͨ͠
















s−(p−1) =( λ, 0,···,0) +
φ1c
 
s−(p−2) + ···+ φpc
 
s−(2p−1) Ͱ͋Δ͜ͱʹ஫ҙ͓ͯ͘͠ɻ͞ΒʹϕΫτϧ {cj;j =
1,···,s− p} ͸
cj = φ1cj−1 + ···+ φpcj−p (j =1 ,···,s− p) , (A.21)
ͳΔࠩ෼ํఔࣜΛຬͨ͢΋ͷͱͯ͠ఆٛͰ͖Δɻ·ͨॳظ஋͸ (c−p+1,···,c0)=( −1)Ip


























25ͱॻ͚Δ͜ͱʹ஫ҙ͢Δɻ͕ͨͬͯ͠ɺࠩ෼ํఔࣜΛ༻͍ͯcj (j = −p +1,···,s) ʹͭ


















































































i (i =1 ,···,p) Ͱ͋ΔͷͰࣜ (A.20) ͷؔ
܎͕ಘΒΕΔɻ
(Q.E.D)
ఆཧ 3.1 ͷಋग़ʢଓ͖ʣ :
ิॿఆཧ A.1 ʹΑΓɺఆཧ 3.1 ʹ͓͚Δ҆ఆ৚݅͸(A.16) ͷશͯͷಛੑࠜͷઈର஋͕̍
ΑΓখ͍͞ͱ͍͏͜ͱͱಉ஋Ͱ͋Δ͜ͱ͕Θ͔Δɻ͕ͨͬͯ͠ɺ࣌ܥྻ෼ੳͷඪ४తͳ
ٞ࿦ (ྫ͑͹ Anderson (1971) ͷୈ5 ষΛࢀর) ʹै͑͹ɺͨͩͪʹఆཧΛಘΔ͜ͱ͕Ͱ
͖Δɻ
(Q.E.D.)









(i =1 ,···,s) (A.25)
͕ಘΒΕΔɻ͜ͷͱ͖ఆৗաఔʹ͍ͭͯͷΤϧΰʔυఆཧ (ྫ͑͹ Anderson (1971) ͷ




































i +2 aibiµi] (A.27)

























































































(yt−s − ¯ µ)[
s  
i=1
(ai + biyt−s + σivt) − ¯ µ]+op(1) (A.30)
ͱͳΔ͜ͱ΋ಉ༷ʹΘ͔ΔɻҎ্ͷܭࢉ͔ΒࣗݾճؼʢARʣϞσϧΛ౰ͯ͸Ίͨ࣌ʹಘ
























































(µi − ¯ µ)2 , (A.31)
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